We study the one-dimensional S = 1/2 XXZ model on a finite lattice at zero temperature, varying the exchange anisotropy ∆ and the number of sites N of the lattice. Special emphasis is given to the model with ∆ = 1/2 and N odd, whose ground state, the so-called Razumov-Stroganov state, has a peculiar structure and no finite-size corrections to the energy per site. We find that such model corresponds to a special point on the ∆-axis which separates the region where adding spin-pairs increases the energy per site from that where the longer the chain the lower the energy. Entanglement properties do not hold surprises for ∆ = 1/2 and N odd. Finite-size corrections to the energy per site non trivially vanish also in the ferromagnetic ∆ → −1 + isotropic limit, which is consequently addressed; in this case, peculiar features of some entanglement properties, due to the finite length of the chain and related with the change in the symmetry of the Hamiltonian, are evidenced and discussed. In both the above models the absence of finite-size corrections to the energy per site is related to a peculiar structure of the ground state, which has permitted us to provide new exact analytic expressions for some correlation functions.
I. INTRODUCTION
Low dimensional magnetic systems have been acknowledged as intriguing physical systems for decades and still attract much interest, both from the theoretical and the experimental point of view. Many reasons justify such interest, and one more has been recently added, namely the possibility to use S = 1/2 spin models as tools for studying problems related to quantum information theory and quantum computation [1, 2, 3] . Amongst onedimensional systems, a preminent role is played by the Heisenberg Hamiltonian
where i runs over the sites of a chain, and S i are angular momentum operators satisfying [S (α, β, γ = x, y, z). Models described by the Hamiltonian (1) constitute a class which is characterized, even at zero temperature, by the possible occurrence of peculiar phenomena, such as quantum phase transitions [4] , saturation [5, 6, 7] , or factorization [8, 9] . Whether a specific model displays one such phenomenon depends on the details of the exchange interaction and, in case, on the value of an external magnetic field. The values of the exchange parameters J x , J y and J z define each model, which in fact may get its name after such values. In this paper we will refer to the S = 1/2 XXZ chain with a finite number of sites N and periodic boundary conditions, whose Hamiltonian can be written in the dimensionless form
−(σ (1) by setting J x = J y = −4 and J z = 4∆. The choice of the minus sign in front of the exchange interaction on the xy-plane implies no loss of generality in the thermodynamic limit, due to the possibility of changing such sign at will via a unitary transformation. However, when finite chains are considered, special care is due to this aspect, as explained in Section II.
The behaviour of the model depends on the value of the anisotropy parameter: isotropic ferro-(∆ = −1) or antiferromagnetic (∆ = 1); Ising-like (|∆| > 1); critical (|∆| < 1). Within each interval, the actual value of ∆ is not of particular interest, at least as far as the general phenomenology is concerned. However, in the case of the XXZ model Eq. (2) there exists an exception to this statement: In fact, for ∆ = 1/2, periodic boundary conditions, and a finite and odd number of sites, the ground state of the model, often referred to as the Razumov-Stroganov state, shows very peculiar features [10, 11, 12] which still stand as an unintelligible occurrence. Such features do not fall within the framework of quantum phase transitions, as the model lies well inside the |∆| < 1 region of the XXZ Hamiltonian; moreover, the matter is relevant only as far as the number of sites of the chain is finite, so that the difference between odd and even number of sites stays meaningful.
The Razumov-Stroganov state has been studied by several authors (see for example Refs. [13, 14, 15, 16] ), with different approaches and in many different frameworks, but somehow neglecting the fact that the corresponding model is not isolated in the phase diagram of the XXZ model.
In this paper, we tackle the problem from a different point of view: Given the fact that a very peculiar ground state occurs only for ∆ = 1/2 and odd number of sites, we develop a comparative analysis of the behaviour of other XXZ models, i.e. models defined by Eq. (2) with ∆ = 1/2, and N both even and odd, looking for clues about what in fact makes the model whose ground state is the Razumov-Stroganov state so special. From a physical perspective, one of the most interesting feature of the Razumov-Stroganov state is the absence of finite-size corrections to its energy per site. This property is shared by the fully separable ground state of the finite-length ferromagnetic isotropic (∆ = −1) chain and also by the ground state of the ∆ → −1 + limit, whose structure is however not as trivial, and deserves special attention.
In the above framework, we have analyzed the effects of the finite length of the chain on the energy, the correlation functions, and some entanglement properties. The analysis presented is based on exact (i.e. available with infinite precision) results as far as the RazumovStroganov state and the ground state of the ∆ → −1 + model are concerned, and on numerical data in all the other cases. Numerical diagonalization techniques underlie all our outcomes.
The structure of the paper is as follows: In Section II we introduce the Razumov-Stroganov state and briefly recall its structure and properties. Some new exact results for the two-point correlation functions of the corresponding chain (∆ = 1/2 and N odd) are also presented. In Section III we consider the energy and the correlation functions at T = 0 of several XXZ models, with |∆| < 1 and N both even and odd, focusing our attention upon finite-size corrections. In Section IV the same type of analysis is proposed for some entanglement properties at T = 0. Conclusions are drawn in Section V.
Some exact analytic expressions for the correlation functions of the ∆ = 1/2 and the ∆ → −1 + models are presented in the two Appendices.
II. SPECIFICITY OF THE VALUE ∆ = 1/2
Let us consider the XXZ Hamiltonian (2) on a finite chain with periodic boundary conditions and N odd, at the particular value ∆ = 1/2:
It is worth noticing that, due to the specific conditions on the lattice, the negative sign of the transverse coupling cannot be reversed at will: Indeed, the rotation of π around the z-axis of all the spins sitting at every other site can be safely performed only in the case of N even, or in the thermodynamic limit. The ground state of the above Hamiltonian is doubly degenerate for any N finite and odd, and the two degenerate ground states are eigenstates of
The two ground states are obtained from each other reversing the component along the quantization axis of each spin, and their structure is that of the so-called Razumov-Stroganov state. In the following we shall always refer to the S z tot = +1/2 case. The Razumov-Stroganov state shows several intriguing properties [10, 11, 12] : i) its energy per site reads exactly E/N = − 3 2 , with no finite-size corrections; ii) the coefficients of the ground state on the standard basis (i.e. the basis where all operators σ z i , i = 1, . . . N are diagonal), are integer multiples of the smallest one; iii) some of these integer numbers have a non trivial combinatorial interpretation.
A complete understanding of these features is still lacking. It is worth recalling that the XXZ chain with ∆ = 1/2 is known to have a similarly special ground state in two other cases: a) twisted boundary conditions and N even [10, 17] ; b) open boundary conditions for whatever N , even or odd [10, 18] .
The fact that, when suitably normalized, the coefficients defining the ground state of Eq. (3) on the standard basis are all integers (see point ii) above) allows for their exact numerical evaluation [19, 20] , for N not too large, limited only by computing capabilities. Indeed we have computed numerically these integer-valued coefficients with infinite precision, on a standard desktop computer, for system sizes up to N = 25. From the exact knowledge of the ground state the correlation functions are readily determined and, as in the present case they necessarily assume rational values, we have computed them with infinite precision, again for chain lengths up to N = 25. We report in Appendix A, for illustrative purposes, some of our results for the second neighbour longitudinal two-point correlation function σ [19] .
It appears that the knowledge of the exact values of such correlation functions for a finite set of values of N , together with the fact that these are rational numbers, allows to determine their analytic expressions as functions of N (obviously, only valid for odd N ). This is a rather exceptional situation for an interacting critical system. In particular, from the infinite-precision data mentioned above, and the exact thermodynamic-limit values computed in Refs. [21] and [22] , we have been able to work out exact analytic expressions for the r th -neighbour longitudinal and transverse two-point correlation functions, for r = 1, 2, 3, 4, 5, and arbitrary N . The expressions for r = 1 coincide with those computed by means of purely analytic methods in Ref. [11] 
while those for r = 2, 3, 4, 5 were previously unknown. We report them in Appendix A.
Let us briefly illustrate the method used in deriving such expressions, taking as an example the case of the second-neighbour longitudinal two-point correlation function σ z i σ z i+2 N , whose exact values for N = 3, 5, . . . , 15, are reported in Appendix A. Subtracting from such values the corresponding exact value in the thermodynamic limit (in this case, 7/64, see [21] ), and factoring into prime numbers the resulting denominators, it is easy to infer for these denominators a behaviour, as a function of N , of the form 2 6 N 2 (N 2 − 4). The corresponding numerators are also expected to behave as a polynomial in N , although of lower order, since the fraction as a whole should vanish in the thermodynamic limit. The first four values of σ The above procedure can be applied to r th -neighbour correlation functions, but the degree of the involved polynomials increases rapidly. For generic values of r, the denominators appears to behave as N
2 ) r−2i+1 . When r = 6, for example, the denominator is of degree 24 in N , and even under the reasonable assumption (supported by all lower-r examples) that the numerator is an even polynomial in N , we need 12 data to determine it, and possibly one more to check the result. These data can be taken from the values for N = 7, 9, . . . 31, which however lie beyond our computing capabilities. In this respect it is worthwhile to emphasize that, although the derivation of the results presented above and in Appendix A rely heavily on computer aided evaluations, they are all exact.
III. OTHER MODELS
In this Section we aim at getting some deeper insight into the physical mechanisms possibly related to the peculiar ground state of Hamiltonian (3); in particular, we wish to highlight the specific role played by each of the two conditions defining the model, i.e. ∆ = 1/2 and N finite and odd (in the case of periodic boundary conditions); to this purpose we develop a comparative analysis of the behaviour of other XXZ models, i.e. models defined by Eq. (2) with ∆ = 1/2, for different values of N .
We first recall that, despite the most spectacular features being observed for N odd, the model (3) has a precise specificity also in the thermodynamic limit. In fact, as demonstrated by Baxter in Ref. [23] , whenever the exchange parameters of an infinite Heisenberg chain, Eq. (1), satisfy the condition
the energy per site E/N of the ground state gets the value 1 4 (J x + J y + J z ) ; (6) in the case of the XXZ model (2), this may only occur for ∆ = 1/2, a condition which therefore defines a somehow special point, though by no means related with quantum critical transitions, nor with possible factorization or saturation of the ground state.
In Section II we have seen that one of the most intriguing peculiarities of the model Eq. (3) is that finitesize corrections do not enter the energy expression, which necessarily implies H N /N = −3/2, given that condition (5) is fulfilled. Due to translation invariance, and given that H = i H i,i+1 , the absence of finite-size corrections is a property of the local energy, by this meaning that the expectation value of the nearest-neighbour interaction is not affected by the possible addition of no matter how many spin-pairs (though adding one single spin would drastically change the whole picture, bridging the model to the essentially different case of N even); the above feature is seen to follow from the exact cancellation of the N -dependent terms in the nearest-neighbour correlation functions, when combined as necessary: In fact, by Eqs. (4), it is
which shows that, despite the correlation functions being affected by finite-size corrections, the interaction energy is not. Let us now analyze how XXZ models behave for different values of N and ∆. For the sake of clarity, the finite-size corrections relative to any physical observable O will be hereafter studied in terms of the quantity δ N (O) defined by
We first consider δ N (H i,i+1 ) which is shown in Fig. 1 for different values of ∆ and as a function of N : The qualitative difference between even (upper panel) and odd (lower panel) number of sites is evident: finite-size corrections are negative for all values of ∆ and N , except ∆ ≥ 1/2 and N odd. In other terms, while in general the energy per site increases with the size of the chain, a special situation occurs for odd N and 1/2 < ∆ < 1, where adding spin pairs lowers the energy: Within the odd-N sector, Hamiltonian (3) is hence found to correspond to the separating case between these two qualitatively different behaviours of the finite-size corrections in the energy of the ground state. The Insets in Fig. 1 show how E/N varies with N for various anisotropies in the vicinity of the value ∆ = 1/2: It is evident that such value is crossed with continuity, both in the odd-and in the even-N sector; 
in complete agreement with the above scenario. It is to be noticed that the existence of a unique value of ∆, where δ N (H i,i+1 ) changes its sign for all values of N odd, is definitely not granted, as shown below in the case of the nearest-neighbour correlation functions along the z-direction.
Before considering the correlation functions, we remind that our results are obtained via the numerical diagonalization of the Hamiltonian, so that not only some physical observables, but all the coefficients of the ground state on the standard basis are available, for N both even and odd. This allows us to notice the following general features of the ground state of the XXZ model with |∆| < 1: i) all the elements of the standard basis belonging to the sector with S z tot = 1/2 for N odd, or S z tot = 0 for N even, enter the decomposition of the ground state; ii) the coefficients on the standard basis grow with the number of antiparallel adjacent spin pairs featuring the corresponding element; iii) keeping the minimum coefficient fixed to unity, all the other coefficients grow with ∆; iv ) the coefficients are all equal in the ∆ → −1 + limit.
We further underline, due to its relevance for the following discussion, that the nearest-neighbour correlation functions along the z-direction are negative not only for ∆ > 0, as expected, but also for −1 < ∆ ≤ 0. Indeed, although the exchange interaction in the zdirection is ferromagnetic, configurations where adjacent spins have opposite components along the z-axis are energetically favoured by the predominant exchange interaction in the xy-plane, which is (σ
). For the sake of clarity, in the lowest panels of Fig. 2 Let us now discuss the above results. We have found that nearest-neighbour correlation functions along the zdirection in the S = 1/2 XXZ model with ∆ > −1 are always negative due to prevailing role of the exchange interaction on the xy-plane, which evidently favours configurations with antiparallel adjacent spins. On the other hand, the necessary occurrence, in the case of N odd, of at least one pair of adjacent spins with the same component along the z-direction, locally frustrates this propensity to antiparallelism. As such constraint concerns just one spin pair, no matter the length of the chain, it may only affect finite-size corrections, and its relevance is smeared out as N increases. This mechanism of local frustration is responsible for the anomalous behaviour of finite-size corrections to σ 
) to vanish at ∆ = 1/2, and stay positive for ∆ > 1/2. The model whose ground state has the specific structure predicted by Razumov and Stroganov is thus found to be a special point in the finite-N XXZ phase-diagram, as it separates the region where adding spin pairs increases the energy per site from that where the longer the chain the lower the energy per site.
From this point of view, the XXZ model in the ∆ → −1 + limit is similarly special (for a precise definition of such model, see Appendix B). Indeed, its ground state has a peculiar structure: It is a superposition with identical coefficients of all the elements of the standard basis within the S This allows, as shown in Appendix B, for the exact evaluation of the correlation functions. In particular, similarly to Eq. (7), one find, for example for N odd,
and analogously for N even. We thus see that finitesize corrections to the energy per site (but not to other physical quantities) do vanish for this model as well. We notice that there exists another class of models whose expression for the energy per site is given by Eq. (6), namely any antiferromagnetic XYZ Heisenberg system on a bipartite lattice with periodic boundary conditions, in the presence of a uniform magnetic field whose value fulfills the condition given by Kurman et al. in Ref. [8] . When such condition is fullfilled, the ground state factorizes, meaning that it gets the unexpected classical-like structure of a tensor product of single-spin states. This phenomenon has recently attracted much attention, due to its relevance as far as the entanglement properties are concerned [9, 24, 25, 26] . In this respect, one should notice that while the absence of finite-size corrections in the models studied by Kurmann et al., as well as in the ∆ = −1 ferromagnetic isotropic model, directly follows from the factorized structure of the ground state, thus characterizing the expectation value of whatever physical observable, in the Razumov-Stroganov state, as well as in the ∆ → −1 + ground state, finite-size corrections vanish only in the energy per site, following a precise cancellation in the expectation value of the Hamiltonian.
IV. ENTANGLEMENT PROPERTIES
The investigation of entanglement properties has revealed a powerful tool in studying spin models, particularly in unveiling peculiar properties of the ground state [27, 28, 29, 30, 31, 32, 33] , as in the case of the XYZ antiferromagnet in the uniform field mentioned above [9] . Several authors have specifically addressed the analysis of the XXZ model in terms of entanglement properties [34, 35, 36, 37, 38, 39] , and more recently the case of ∆ = 1/2 and N odd has been studied in such context [20] . In this framework, the idea that the peculiar structure of the Razumov-Stroganov state might be related with properties of some entanglement measure is suggestive. We have therefore developed the same type of analysis presented in Section III, for the bipartite entanglement between two S = 1/2 spins separated by r lattice spacings, as measured by the concurrence [40, 41, 42] 
where (12) is positive for N odd and vanishes for N even, no peculiar behaviour is observed. The concurrence between nearest neighbours C 1,N is always finite and is larger for larger ∆, i.e. for more marked antiferromagnetic exchange along the z-direction (as expected after the analysis presented in Ref. [43, 44] ). All pairs of non-adjacent spins are disentangled in the RazumovStroganov state, no matter the value of N , but this is not a specific feature of the model (3), as already shown by the overall picture presented in Ref. [31] . After all, and despite the particular structure of its ground state, the case ∆ = 1/2 and N odd is not found to display peculiar features, at least as far as pairwise entanglement is concerned. The way transverse and longitudinal correlation functions combine in Eq. (12) does not cause any relevant change in the finite-size corrections of the concurrence.
Let us now consider the other point where finite-size corrections to the energy per site vanish, i.e. the ferromagnetic isotropic point ∆ = −1. As a matter of fact, the model in the ∆ → −1 + limit displays features which deserve some comments. In the thermodynamic limit, all the C r are expected [44] to switch on as ∆ → −1 + , which implies, due to the monogamy inequality [45, 46] , that all the concurrences vanish at the ferromagnetic isotropic point ∆ = −1, consistently with the fact that the ground state of the XXZ chain with ∆ ≤ −1 is fully separable. On the other hand, when N is finite (no matter if even or odd), not only all the C r,N switch on as ∆ → −1
+ , but they all flow to the same value, as seen in Fig. 5 . In particular, from the exact evaluation of the correlation functions reported in Appendix B, one can find that
Moreover, when ∆ < −1 the result C r,N = 0 for all r stays valid also for finite N ; therefore, and at variance with the thermodynamic limit, a discontinuity of all the concurrences occurs at ∆ = −1.
We underline that the one-tangle [45] 
in the XXZ model with periodic boundary conditions and |∆| < 1 is different from zero and does not depend on ∆ (being τ = 1 − 1/N 2 for N odd, and τ = 1 for N even), while for ∆ ≤ −1, τ vanishes. The observed discontinuity at ∆ = −1 (at variance with the one characterizing the concurrence) is not related with the finite size of the system, as it obviously survives in the thermodynamic limit. It is rather connected with the onset of critical behaviour for |∆| < 1, which implies the vanishing of the magnetizations and a consequently maximal entanglement content.
We understand the mechanism leading to such discontinuities as follows: From our results we observe, as stated in Section III, that the ground state of the XXZ model for ∆ → −1 + may be written as P + Π i |ϕ i where P + is the projector over the Hilbert subspace of the chain corresponding to S z tot = 1/2, and |ϕ is a single-spin pure state which may be chosen at will, provided it is not one of the two eigenvectors of σ z (so as to ensure the projection does not vanish). The notation indicates that all the spins along the chain are in the same single-spin pure state: In fact, the fully separable state Π i |ϕ i is just one of the infinite ground states of the ferromagnetic XXX chain. We therefore see that it is the projection over the S z tot = 1/2 Hilbert subspace which injects entanglement into the fully separable ground state of the ferromagnetic XXX model. We notice that such projection is not a local operation, and it can hence modify the entanglement content of the system. The above reasoning is straightforwardly extended to the N even case, replacing P + with P 0 , i.e. with the projector over the S z tot = 0 Hilbert subspace. In other terms, the easy-plane character of the XXZ model with |∆| < 1, which is embodied in the condition S z tot = 1/2 for N odd, or S z tot = 0 for N even, causes the ground state to develop long-ranged pairwise entanglement as the ferromagnetic isotropic point is approached from above.
Since pairwise entanglement between two spins does not exhaust the possible types of entanglement, and there might be other measures that exhibit a special behaviour near or at ∆ = 1/2, we have numerically evaluated the entanglement entropy for a wide range of bipartition of the full chain, and for various N and ∆. In the particular case where the bipartition consists of two blocks of adjacent spins, we find a very good agreement with the theoretical predictions of conformal field theory [47] . Such agreement is observed not only for ∆ = 1/2 (as already emphasized in Ref. [20] ) but all over the interval −1 < ∆ < 1, and N both even and odd. It is worth underlining that such agreement is observed to hold for blocks of at least two spins with great accuracy, even for rather short chains, with N as small as 5.
V. CONCLUSIONS
Our study of the ground state structure as related with finite-size effects in the one-dimensional S = 1/2 XXZ model with periodic boundary conditions in its critical phase (T = 0 and |∆| < 1 ) has highlighted some relevant features; these particularly emerge for ∆ = 1/2 and N odd, as well as in the ferromagnetic isotropic limit, ∆ → −1 + (for N both even and odd). Indeed, these two models share a common property, namely the fact that finite-size corrections to the energy per site vanish, despite being finite as far as other physical quantities are concerned.
In the former case, we have found that the model represents a special point in the N -odd sector (where its ground state has the structure of the Razumov-Stroganov state), as it separates the region where adding spin pairs increases the energy per site of the chain, from that where the reverse holds. We think this result, besides giving some further insight into the behaviour of the magnetic XXZ model, could get a specific meaning for the fermionic models whose Hamiltonian is mapped into the S = 1/2 XXZ one (see for example Ref. [14] ), possibily in terms of a physical mechanism related with a properly defined chemical potential.
In the ∆ → −1 + limit, the peculiarities of the model do also arise from the very specific (despite not as intriguing as that of the Razumov-Stroganov state) structure of the ground state, which guarantees the exact cancellation of finite-size corrections to the energy per site, for N both even and odd. However, in this case the peculiar ground state structure most relevantly reflects on bipartite entanglement: all the concurrences are finite and get the same value, no matter the distance between the two spins considered. In fact, we have found that there is a region, while approaching the ferromagnetic isotropic point from above, where any two spins along the chain are entangled, given that the finite size of the chain prevents the monogamy of the entanglement to force the vanishing of all the concurrences; in such region the entanglement between a selected spin pair can be varied not only by tuning ∆ but also by properly choosing N , a possibility which might be relevant in the design of quantum devices.
Finally, we recall that the two above mentioned models, besides sharing a somewhat specific finite-size behaviour, present another rather exceptional peculiarity, namely the possibility of accessing the exact structure of their ground state. Indeed, in both cases, the (suitably normalized) coefficients of the ground state in the standard basis are all integers: This naturally sets the models into the realm of combinatorics, and has permitted us to derive new exact analytic expressions for their correlation functions.
from the critical region, and its ground state, together with the expectation value of all physical quantities, is also to be intended as the result of this limit. In particular, the model is critical, with S z tot = 1/2 for N odd, and S z tot = 0 for N even. Setting ∆ = −1 + ǫ, there obviously are finite corrections to all the exact expressions we provide below, but they all vanish as ǫ → 0.
It is easily seen, from analytic considerations, and numerical experiments, that the ground state of the XXZ chain in the ∆ → −1 + limit is a superposition with identical coefficients (which we set to unity) of all the elements of the standard basis corresponding to S z tot = 1/2 for N = 2n + 1 (odd), and to S z tot = 0 for N = 2n (even). Such elements are herafter indicated by |e l . Their number is N n ; the norm of the state consequently reads N = ( N n ). Due to the peculiar structure of the ground state, the evaluation of correlation functions reduces to a simple combinatorial enumeration, as shown below.
Let us consider the correlation functions on the xyplane: it is σ 
no matter the distance between site i and j.
As for the correlation functions along the z-axis, it is σ 
and hence
The fact that two-point correlation functions do not depend on the distance is a direct consequence of the particular structure of the ground state, whose non vanishing coefficients on the standard basis are all identical. It is worth mentioning that each of these correlation functions assumes the same value on the chain of length 2n−1 and 2n. Finally, notice that these correlation functions have different values with respect to the ∆ = −1 isotropic ferromagnetic model. The consequent discontinuity vanishes in the thermodynamic limit.
